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Let F be a field and let L,, denote the solvable 2-dimensional Lie algebra 
xF+ yF with [y, x] = x. In [ 1, Lemma 6.121 it is shown that every finite 
dimensional solvable non-nilpotent Lie algebra over an algebraically closed 
field of characteristic zero can be mapped onto L,. This statement is clearly 
false if F is not assumed to be algebraically closed. As an example consider 
the following 3-dimensional Lie algebra over the real numbers: L = a58 + 
b[w + CR with [a, 6]= 0 and [a, c] = h and [h, c] = --a. Note that c acts as 
a 90” rotation on the ideal aR + h[W of L. Therefore L cannot have any 
l-dimensional ideals, and thus L, is not a homomorphic image of L. The 
purpose of this paper is to prove a result analogous to the one in [ I], but 
over arbitrary fields. 
DEFINITION. Let L be a finite dimensional solvable non-nilpotent Lie 
algebra over a field F. We say that L is a minimal solvable Lie algebra if 
every proper homomorphic image of L is nilpotent. 
It is clear that any finite dimensional solvable non-nilpotent Lie algebra 
L can be mapped onto a minimal solvable Lie algebra. In fact, the result in 
[ 1] states that L, is the only minimal solvable Lie algebra over an 
algebraically closed field of characteristic zero. We will extend this result 
and show that a finite dimensional completely solvable nonnilpotent Lie 
algebra over any field can bc mapped onto L,. Moreover, we will describe 
the family of minimal solvable Lie algebras over a field of characteristic 
zero, and give a partial description when the field has prime characteristic. 
In a subsequent paper we intend to use these results to show that if L is a 
finite dimensional solvable non-nilpotent Lie algebra over a field of charac- 
teristic zero, then U(L), the universal enveloping algebra of L, has an 
infinite link component. 
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Throughout, F will be a field and any Lie algebra will be a finite dimen- 
sional Lie algebra over F. We use the symbol L, to denote the 2-dimen- 
sional nonabelian Lie algebra over F (as described above). We let Mat,F 
denote the n x n matrices over F, and F” will denote the vector space of 
n-dimensional column vectors with entries in F. We let n x n matrices act to 
the left on n-dimensional column vectors. If I/ is a vector space over F, we 
let gI( V) denote the Lie algebra of linear transformations on V, and we let 
gI(n, F) denote the Lie algebra of n x n matrices over F. In both cases the 
Lie bracket is the additive commutator. If V has dimension n, we identify 
gl( V) with gI(n, F). We assume the reader is familiar with the basic proper- 
ties of solvable and nilpotent Lie algebras. We will use the results and 
notation of [3, Chap. 11. 
THEOREM 1. Let L he a minimal solvable Lie algebra over a field F qf 
characteristic zero. Then L2 is an abelian ideal of L such that for all x not in 
L2 the following holds: 
(i) L = L2 0 C,(xF). 
(ii) C,-(xF) is an abeliun subalgebra of L. 
(iii) ad x acts as an isomorphism on L2. 
(iv) the minimal polynomial of ad x acting on L2 is irreducible over F. 
(v) every nonzero ideal of L contains L2. 
(vi) dim C,-(xF) d dim L’. 
Proof: Let Z(L) denote the center of L. If Z(L) is nonzero, then 
L/Z(L) is nilpotent, implying that L is nilpotent. Hence Z(L) = 0. Since L 
is solvable there is a positive integer m such that L(“‘+ ‘) = 0, but Lcrn’ # 0. 
Let A be a minimal nonzero ideal of L contained in L@). Then A is an 
abelian ideal of L. 
Define 4: L + gl(A) by 4(x) = ad x where ad x(a) = [x, a]. Then q5 is a 
Lie algebra homomorphism. Let K = ker d. Then A c K and K # L because 
Z(L) = 0. Let S = L/K. Then S is a nonzero nilpotent Lie algebra. Since S 
isnilpotent,Z(S)#O.Letx+K~Z(S).Then[[x,y],A]=OforallyinL. 
Hence if y E L and a E A, then 
CYT cx, all + CG CY> XII + [Ix, C4Yll =o 
and thus [y, [x, a]] = [x, [y, a]] E [x, A], proving that [x, A] is an ideal 
of L. Since [x, A] c A and because A is a minimal ideal, either [x, A] = 0 
or [x, A] = A. 
We wish to show that S is abelian. Assume on the contrary that 
Z(S) # S. Since S/Z(S) is a nonzero nilpotent Lie algebra, it has a nonzero 
center. Thus there is an element x in L such that x + K$ Z(S), but 
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[Ix, y] + KEZ(S) for all y in L. If [x, y] E I( for ali y in L, then 
x + KE Z(S), contradicting our assumption. Therefore we obtain elements 
x, y E L such that [Ix, y] + K E Z(S), but [x, y] $ K. Thus [[Ix, y], A] # 0, 
and by our previous remark [[x, y], A ] = A. Let X, Y and A4 be matrices 
(relative to some basis) representing ad x, ad y and ad[x, y] respectively as 
linear transformations on A. Then 
XM = MX, YM=MY, XY- YX= M. 
Since [[x, y], A] = A the transformation ad[x, y] maps A onto itself, and 
because A is finite dimensional ad[x, y] is an isomorphism. Thus the 
matrix M is invertible. (We now have an immediate contradiction by using 
Jacobson’s Lemma [2, Lemma 6.X.41, but we finish this argument for the 
sake of completeness). An easy induction on k proves that 
XYk = YkX+ kMYk ‘. 
Thus if p(t) is any polynomial over F and p’(t) denotes its derivative, then 
Xp( Y) = p( Y) x-t Mp’( Y). 
Now let p(t) be the minimal polynomial of Y. Then Mp’( Y) = 0, and since 
M is invertible, p’( Y) = 0. This is impossible unless p’(t) = 0, which cannot 
happen if F has characteristic zero (or if we assume F has characteristic 
p > 0 with p < dim A). This gives us the desired contradiction, proving that 
S is an abelian Lie algebra. Hence Lz c K, and thus CL’, A] = 0. 
We now have that A G L2 c K. Let B = {x EL / [x, y] E A for all y E L ). 
Then B/A is the center of the nilpotent Lie algebra L/A, so B properly con- 
tains A. Take by B\A. We would like to show that [h, L”] ~0. Assume on 
the contrary that [b, L’] = 0. Note that this means h is in K. Let a, ,..., a,, 
be a basis for A and let yr ,..., y, be elements of K such that a, ,..., a,,, h, 
y ,,..., y,,, form a basis for K. Let x, ,..., xN be elements of L extending the 
above basis for K to a basis for L. We proved above that [x,, x,] E K and 
[x,, A] = A, so each ad xi acts as an isomorphim on A. Therefore [x,, a,], 
[Is, * aJ,..*, cx, I a,] is a basis for A, and hence there are scalars A, ,..., 2, in 
F such that [x,, h] =x;=, &[x,, cr,]. Let 
z=b- f Qq. 
,=1 
Then z is a nonzero element of L. We obtain a contradiction by showing 
that z is central in L. Since A E L* and because we are assuming that 
[b, L2] =0, it is clear that [aj, 21 =0 for i= 1, 2 ,..., n, and [b, z] =O. Now 
consider 
[XI, IIYi>bll+ [Ib, CXI~Y~II +CYi, tb, -x,11=0. 
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The last term in this equation is zero because [b, x,] E A and yie K. The 
second term is zero because we are assuming that [b, L*] = 0. Thus 
[x,, [yi, 6]] = 0. Inasmuch as ad x, acts as an isomorphism on A and 
since [y,, b] E A we conclude that [y,, h] = 0. Because y, E K, we have 
shown that [y,, z] = 0 for i = 1,2 ,..., m. Next consider 
[a,, Lx,, xkll+ C-Q, [a,, x,11 + [XI, [Xk, a,11 =a 
Since [x,, xk] E K we obtain [x,, [x,, a,]] = [x,, [x,, a,]]. Finally con- 
sider 
c-x,, Lx,, bll+ [h, [x,, x111 + cx,, [IJA Xkll =a 
The middle term in this equation is zero because [h, L2] = 0. Using the 
above equations, we derive the following: 
[xl, [xk? h]] = [xk, [xl9 b]] = 
L 
-xk, f j”j[x,, u,] = f i,[xk, [xl, ui]] 
i= I 1 ,=I 
= i A,[X,) x , q]] = [X,) i lr[Xk, u;,],=I i=o 
=[h [xk? ;, h]]. 
Again, since ad x, acts as an isomorphism on A we deduce that 
[x,, h] = [x,, C;=, %;a,], proving that [xk, Z] = 0 for k = 1, 2 ,..., N. We 
have therefore shown that ZEZ(L), contradicting the fact that Z(L) =O. 
Hence [L*,b]#O for all heB\A. 
Let H G L* be an ideal of L. Take h E B and y E L and h E H. Then 
CY, Ch, hII+ Ch IX hll+ Ch, Ck ~13 =O. 
The last term in the above equation is zero because h E L2 and [h, y] E A. 
Thus [y, [h, h]] = [[y, h], b] E [H, b], proving that [H, h] is an ideal of 
L. Because [H, b] c A and A is minimal, either [H, h] = 0 or [H, h] = A. 
Take b E B\A. We prove by induction on k that [Lk, h] = A for all k >, 2. 
We have just shown that CL*, h] = A. Assume [Lk, h] = A. Take u E Lk 
such that [u, h] # 0. Consider the equation 
Because [b, x,] E A and u E L2, the last term is zero. Thus [[x,, u], b] = 
[x,, [u, b]]. Since [u, 61 is a nonzero element of A and because ad x1 acts 
as an isomorphism on A, we infer that [[x,, u], b] # 0, proving that 
[Lk +‘, 61 # 0. Our previous remark shows that [LkC ‘, h] = A, completing 
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the induction. Since L/A is nilpotent, Lk c A for some positive integer k. 
But L is not nilpotent, so Lk # 0. Because A is a minimal ideal we deduce 
that Lk = A. Therefore, for all b E B\ A we conclude that [A, b] = A. 
Assume K properly contains A. Then K/A is a nonzero ideal in the 
nilpotent Lie algebra L/A. Therefore K/A intersects nontrivially with the 
center of L/A. The center of L/A is B/A, so there is b E B\ A such that b E K. 
But then [A, b] = 0 contradicting what we proved above. Thus A = K, and 
since A E L2 E K we conclude that A = L2 = K. 
We have now shown that L/A is an abelian Lie algebra, and ad x acts as 
an isomorphism on A for all x E L\A. Take x E L\ A. Let C,(xF) = 
(y~L1 [x,y]=O}.ThenC,(xF)’ is a subalgebra of L, and A n C,(xF) = 0. 
Take 1~ L. Because [x, a,] ,..., [x, a,] is a basis for A and since [x, 11 E A, 
there are scalars 2, ,..., 1, in F such that 
Lx, /I = f AiCx, ail, and thus 
[ 
x, I- f Aia, 1 = 0. r=l ,=I 
Therefore 1 E A @ C,(xF), proving that L = A @ C,(xF). Take 
U, v E C,(xF). Then [u, x] = [v, x] = 0 and [u, v] E A. Thus 
C-G cu, VII + co, cx, ull+ cu, cut XII =a 
Therefore [x, [u, v]] = 0 and hence [u, u] = 0, proving that C,(xF) is an 
abelian subalgebra of L. Let J be a nonzero ideal of L. If JG A, then J= A. 
If J $ A, then there is b E J\A. Thus 
To prove part (iv), let h(t) be a polynomial in F[t]. Let A(h) = {a~ A I 
h(ad x)(u) = O}. B ecause ad x commutes with ad y, for all y E L, as a linear 
transformation on A, we deduce that A(h) is an ideal of L contained in A. 
Therefore either A(h) =0 or A(h) = A. This proves that the minimal 
polynomial of ad x is irreducible over F. The last part of the Theorem 
follows from the next proposition. 1 
In fact, we can say a little more about C,(xF) than just “dim C,(xF) < 
dim L’“. The next proposition shows that if we consider C,(xF) as a sub- 
space of Mat,, F where n = dim L2, then C,(xF) is contained in a maximal 
subfield of Mat, F. This of course implies part (vi) of Theorem 1. 
PROPOSITION 2. Let F be afield and let V be a subspace of Mat,, F, con- 
sisting of commuting matrices. If no proper subspace of F” is invariant under 
V, then V is contained in a maximal subfield of Mat, F. 
Proof: For a positive integer m, let V” be the subspace spanned by all 
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m-fold products of elements from V, and identify F with the scalar matrices. 
Then there exists a positive integer k such that 
R=F+ I’+ I”+ ... + Vk 
is a subring of Mat,, F. We consider F” as a left R-module in the obvious 
way. Because no proper subspace of F” is invariant under V, we conclude 
that Fn is a simple R-module. Let x be an element of R. Then 
kerx= {MEF” 1 xa=O} 
is an R-submodule of F”, because R is a commutative ring. If x is nonzero, 
then ker x = 0 and hence x is an invertible matrix. Because xP ’ =f(x) for 
some f(t) E F[t], we infer that xP1 is an element of R, proving that R is a 
field. 1 
The following corollary discusses the situation when the characteristic of 
F is nonzero. After examining the only place in the proof of Theorem 1 
where we had to assume that the characteristic of F was zero, the result 
should be clear. 
COROLLARY 3. Let L he a minimal solvable Lie algebra over a field F of 
characteristic p. Let A be a minimal abelian ideal of L contained in L2. If 
dim A -C p, then L is of the form described in Theorem 1. In particular, tf L is 
a completely solvable non-nilpotent Lie algebra over any field F, then L can 
be mapped onto the 2-dimensional nonabelian Lie algebra L,. 
COROLLARY 4. Let L be a minimal solvable Lie algebra over the real 
numbers. Then either L = L,, or there is a 2-dimensional abelian ideal A of L 
such that 
L=A+xR or L=A+zIW+xR. 
where ad t acts as the identity transformation on A, and the minimal 
polynomial of ad x acting on A is an irreducible quadratic. 
Proof. We write L = A 0 C,(xrW) as described in Theorem 1. If L # L,, 
then n = dim A 2 2 and C,(xrW) is contained in a field extension of the real 
numbers inside Mat,, Iw. Thus either 
L=A+xIFB or L=A+t[W+xR 
and ad z acts as the identity on A. According to Theorem 1, the minimal 
polynomial p(t) of ad x acting on A is irreducible over the real numbers. 
Because A is a minimal ideal of L and since dim A > 2, we conclude that 
p(t) is an irreducible quadratic. There is only left to show that dim A = 2. 
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Let f(t) be the characteristic polynomial of ad x. Then f(t) = (p(t))“, 
where dim A = 2m. Since p(t) is the minimal polynomial, the invariant fac- 
tors of ad x are 
At), AtL P(f). 
mtimes 
If m > 1, then A has a proper subspace invariant under ad x. This is a con- 
tradiction. Hence dim A = 2. 1 
We conclude by giving examples showing that Theorem 1 and 
Corollary 3 cannot be improved. We will use the following observation 
when contructing our examples. Let F be a field and let S be a Lie sub- 
algebra of gl(n, F). We create a new Lie algebra L by forming a direct sum 
of vector spaces: L = F” 0 S. We define the Lie bracket in L by declaring 
that [cr, /?I = 0 for c(, p E F”, and [x, a] = xc( for x ES and TV E F”, and S 
keeps its original Lie bracket, the commutator in gl(n, F). It is easy to 
check that L is a Lie algebra, and F’ is an abelian ideal in L. 
EXAMPLE 5. Let F be a field and let n be a positive integer. Let p(t) be 
an irreducible manic polynomial over F of degree n. Let u denote the com- 
panion matrix of p(t) in Mat, F. Then u is an invertible matrix, and 
K= F(u) is a subfield of Mat, F of degree n over F (we identify F with the 
scalar matrices in Mat,, F). Since p(r) is irreducible, no proper subspaces of 
F’ are invariant under U. Let S,,, be the linear span of U, u’,..., zP, for 
m = 1, 2,..., n. Then S, has dimension m over F. We consider S,, as an 
abelian Lie subalgebra of gI(n, F), and form the Lie algebra L,, = F” @ S,. 
Let J be a nonzero ideal of L,. If JG F” then J= F” because F” has no 
proper subspaces invariant under U. If J g F”, then there is x E J such that 
x = IX + y where CI E F” and y is a nonzero element of S,. Because 4’ is an 
invertible matrix. 
F” = [y, Fn] = [a + y, F”] E [J, F”] c J. 
Thus every nonzero ideal of L, contains F”. It is clear that L, is solvable 
and nonnilpotent, so the above shows that L, is a minimal solvable Lie 
algebra over F. This example shows that the estimate in part (vi) of 
Theorem 1 cannot be improved, and that every dimension less than or 
equal to “dim A” can occur as the dimension of “C,(xF)“. 
EXAMPLE 6. Let F be a field and let p be a prime integer. Consider the 
following p x p matrices over F: 
x= 
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Thus x,~+, = 1 for i= 1, 2 ,..., p - 1 and x,~ = 0 otherwise, and yi+ ,i = i for 
i = 1, 2,..., p- 1 and y,=O otherwise (we let xi, denote the ijth entry of a 
matrix x). It is easy to check that xy -yx is a diagonal matrix with 
diagonal entries 1, l,..., 1, 1 - p. Thus if we let F be any field of charac- 
teristic p, then xy-yx = I,, where I, is the p x p identity matrix over F. 
Hence the identity matrix together with x and y form a basis for a Lie sub- 
algebra of gl(p, F). Let S denote this subalgebra. Form the Lie algebra 
L = Fp 0 S. Then L2 = I,. F@ Fp and L3 = L”’ = FI’. Therefore LC4’ = 0 and 
Lk = Fp for all k 3 3, proving that L is solvable and non-nilpotent. 
Let s1 ,..., sl, denote the standard basis for Fp. Then [x, E,] = 0 and 
[x,E,]=E~ , for i=2,3 ,..., p. Also, [y,~,]=i~,+, for i=l,2 ,..., p-l and 
[y, sp] = 0. Let J be a nonzero ideal of L contained in Fp, and let z be a 
nonzero element of J. Write z = X:-k C,E, where C,E F and ck # 0. Then 
(ad y)“-““(z)=k(k+ l)...(p- l)c,~,,, proving that E,,EJ. Because 
(ad x)~ (E,,) = Ed-, for i = 1, 2 ,..., p - 1, it follows that J= Fp. 
Let J be a nonzero ideal of S. Let ; = c, x + c2 J + c3 Z,, be a nonzero 
element of J, where c,, c2, c3 E F. Clearly [z, y] = c1 Z, and [x, Z] = c,Z,, 
proving that any nonzero ideal of S contains I,,. Now let J be a nonzero 
ideal of L. If Jn S # 0, then J contains I,, which implies that Fp is con- 
tained in J. Assume JnS=O, and let ~=cix+c,~~+c~Z,,+~ where c,,c2 
and c3 are scalars and c( is an element of Fp. Since [I,, Z] = CI we conclude 
that 3 - [Z,,, Z] = c,x+c,y+c,I,,eJnS=O, showing that c,=c2= 
cj = 0. Hence in this case JE Fp. Our previous discussion shows that J= Fp. 
We have therefore shown that every nonzero ideal of L contains Fp. Since 
L/Fp 2 S and S is nilpotent, we have shown that L is a minimal solvable 
Lie algebra over F. It is obvious that L is not of the form described in 
Theorem 1. In particular, L/Fp is not abelian. Hence Theorem 1 does not 
hold in general for fields of positive characteristic. 
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